, accompanied with topological states, have a good prospect for applications in topological quantum computation, quantum memory and quantum random-number generation [7] [8] [9] since they are intrinsically immune to decoherence caused by local perturbations. Due to such potential applications, the realization of topological states in a well-controlled environment is highly desirable.
Recently, several theoretically predictions and experimentally observations of topological states have been reported in a variety of systems, for example, InAs wires and banded carbon nanotubes engineered by spin-orbit coupling of electrons [10] [11] [12] [13] [14] , the surface of topological insulators [15] [16] [17] [18] [19] , ultracold atomic gases with strong non-Abelian synthetic gauge field [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] and so on. Spin-orbit (SO) coupling plays a key role in all systems. In contrast to the other physical contexts, ultracold atomic gases with more experimental controls over its parameters, such as high controllability in interatomic interaction, geometry, purity, etc, offer an exceptional clean platform for exploring the topological superfluidity.
Recent experimental progresses in the synthetic SO coupling of ultracold Bose gases 31, 32 and Fermi gases [33] [34] [35] have stimulated a lot of interest in exploring exotic topological quantum properties of ultracold atoms. In particular, by deforming the Fermi surface and opening a topological band gap, SO coupled fermi gases become topological and support Majorana zero-energy excitations in the presence of a large perpendicular Zeeman field. However, based on these experiments, the existence of a topological band gap can only lead to a single topological phase and a pair of Majorana zero modes associated with topological quantum phase transition (TQPT). There is a strong requirement in the realm of quantum information and quantum memory for proposing a advanced system, which results in more types of topological phases, to create and manipulate multiple MFs. To achieve this, we give a realistic scenario based upon engineering a topologically protected system in a bilayer or multi-layer structures. As we know, some intriguing quantum effects, generated by layers's extra degrees of freedom, have been widely studied in many multilayer condensed matter systems including fractional quantum Hall states 40 and topological valley transport in bilayer graphene 41 . Interesting quantum effects such as atomic Josephson effects and macroscopic quantum self-trapping [42] [43] [44] [45] [46] [47] have also been studied in ultracold Bose gases. However, for ultracold Fermi gases, most of the investigations have been developed mainly in the field of single-layer topological system [36] [37] [38] [39] , very little is known regarding the bilayer Fermi gases with SO coupling. It would be interesting to examine the possibility for realizing and manipulating multiple MFs by loading SO coupled Fermi gases in a bilayer structure, providing a peculiar insight into the topological states.
In this article, we concentrate on the potential topological properties of bilayer Fermi gases with SO coupling and predict the existence of multiple Majorana zero states at the interfaces between distinct phases. The bilayer geometry can be readily realized by adding a two-dimensional double-well optical lattice, and the atoms in each layer are affected by the same Raman SO coupling, while coupled with each other via the inter-layer tunneling. Notably different from previous mean field studies, by tunning the inter-layer tunneling, traditional topological phase condition induced by the collective effect of SO coupling and Zeeman field is shifted and causes two critical transition points [h c,1 ,h c,2 ]. As a consequence, the topological phase region becomes separated into two parts: topo-I and topo-II phases. Here we provide a physical picture to classify the two different topological phases and discover that in suitable parameter regions, the system may undergo a unique TQPT from a topo-I state to a topo-II state, which has not been previously identified. The region for topological superfluid depends on not only magnitude of the Zeeman field, the chemical potential, the SO coupling strength, but also on the inter-layer tunneling, thus provides more knobs in experiments. Furthermore, we give the self-consistent Bogoliubov-de Gennes (BdG) results of the system trapped in a harmonic potential and discuss the resulting multiple Majorana zero-energy modes in great detail. The number of exotic Majorana zero modes depends on the number of interfaces between distinct phases that form in different areas of the trap, which are consistent with analytical local-density approximation (LDA) expressions. Such SO coupled bilayer Fermi gases offer an opportunity to create and manipulate multi-MFs and a advanced multi-layer experimental setup may be therefore improved to measure more MFs.
Results
Experimental setup of spin-orbit coupled bilayer Fermi gases. SO coupling for ultracold Fermi atoms has been successfully demonstrated in ultracold Fermi 40 K and 6 Li gases 34, 35 at about the same time, in which the Raman dressing scheme is based on coupling two magnetic sub-levels of the ground state manifold with two counter propagating Raman lasers 31, 33 . The system considered in this work is depicted in Fig. 1(a) , where the Raman dressed 40 K Fermi gases are loaded in a bilayer geometry, which can be readily realized by adding a two-dimension double-well optical lattice 48, 49 . Note that the optical lattice is spin-independent and can induce tunneling without spin-flip. Same two atomic internal spin states |9/2, 9/2 and |9/2, 7/2 of the ground state in j-th layer are selected to be labeled as spin-up (|j, ↑ ) and down (|j, ↓ ) states, where j = 1, 2 refers to an individual layer. The atom move along thex axis within a layer and two layers are separated by
can be regulated by changing the intensity or relative phase of laser standing waves that engineer the double-well lattice 48 . The positive and negative signs label the detuning from Raman resonance to spin-up and spin-down respectively. Without loss of generality, we assume them to be real and
The four-level topology has been schematically shown in Fig. 1(b) , where the blue solid lines represent the inter-layer tunneling and the green dashed circles denote the Ramanassisted intra-layer interaction with momentum transfer k 0 . The inter-layer spin-flip tunnelings are negligible under current experimental conditions, therefore they are neglected in Fig. 1 
describing the s-wave contact interaction between the two spin states in j-th layer. The single-particle Hamiltonian is written as
x /2m denotes kinetic energy and µ is the chemical potential, m is mass of an atom, δ means the detuning of the Raman process, and V (x) is the trapping potential (for convenience, we set = k B = 1). The constants Ω and k 0 represent the coupling strength and photon recoil momentum of the two-photon Raman coupling, respectively. After applying a local gauge transformation
the single-particle Hamiltonian becomes
where
T is a single layer field operator, and the single layer term is
where we define the chemical potential µ → µ − E r /4 and σ y , σ z are the Pauli matrices acting on the spins. The effective spin-orbit coupling constant α ≡ E r /k r and effective Zeeman field (h y ≡ δ, h z ≡ Ω) are introduced. For convenience, the recoil momentum k r ≡ k 0 and recoil energy E r ≡ k 2 0 /2m are taken as natural momentum and energy units. Notice that the interaction Hamiltonian H int is invariant under this gauge transformation 50 .
We first consider homogeneous Fermi gases to give the simplest qualitative picture of the bilayer system. At this point, the physics of the single-particle Hamiltonian is simple in momentum space using a Fourier decomposition. The four-band structure of the bilayer system is illustrated We will give a detailed discussion in the mean-field formalism.
Classification of topological superfluid phases. We consider the most simplified form of interactions with superfluid pairing formed between atoms with opposite momentum (−k, k). Within the mean-field approximation, the interaction term can be rewritten as
with the order parameters
One can easily write the mean-field BdG
Hamiltonian,
where the Nambu spinor basis is chosen as
The elementary excitations can be found by solving the BdG equation 
, where the label ± represent the particle as well as hole branches. Without loss of generality, we set ∆ = ∆ 1 = ∆ 2 throughout the work. The spectrum of H BdG (k) consists of eight bands given
where the
, we obtain all the gap close conditions in analytic forms:
The solutions for the Zeeman field are
here we just consider the parallel case h z 0. If there is no tunneling between two layers, the critical Zeeman field reduces to the well-known h c = µ 2 + ∆ 2 , which has been discussed in detail in earlier works 10, 11 . The system will be in a conventional superfluid at h z < h c and in a topological superfluid at h z > h c . Unlike the conventional phase transition in a single layer system, the tunneling shifts the chemical potential and gives two critical Zeeman fields: h c,1 = ∆ 2 + (J − µ) 2 and h c,2 = ∆ 2 + (J + µ) 2 (or exchange to assure h c,1 < h c,2 ). The system undergoes a TQPT when the Zeeman field cross these two critical values, where the single-particle excitation gap vanishes, representing a topological phase transition. To see the phase transitions more clearly, we give the spin population at k = 0, as shown in Fig. 2(b) . Here we define the spin vector expectation value along the z-axis as
We find that S z (0) changes discontinuously when the Zeeman field crosses the critical values
, which implies the change of the topology of the spin texture.
which corresponds to the trivial state, while S z (0) = 1 for h c,1 < h z < h c,2 and S z (0) = 2 for h z > h c,2 denote diverse topological states, as show in Fig. 2(b) . Therefore we give a classification of topological superfluid phases according to the strength of perpendicular Zeeman field h z :
where the last condition E g = min{E Phase diagram of spin-orbit coupled bilayer Fermi gases. To better understand the transition from one state to another defined by equation (11), it is necessary to observe the close and reopen of the excitation gap E g , which change the topology of Fermi surface. The phase diagram in the plane of the order parameter and the perpendicular Zeeman field is presented in Fig. 2(a) . The graph is colored according to the energy gap E g , and white dotted curves mark contours of E g = 0. There are three different topological regions determined by the behavior of the energy gap. The system is topological trivial at first, as increasing the Zeeman field with a fixed ∆, the band gap may first close and then reopen, signifying the transition from non-topological to topo − I superfluid
, and finally undergoes a topological phase transition from topo − I to topo − II phase at the second gapless point h c,2 . In Fig. 2(b-f) , we plot the band gap and energy spectrums to illustrate the TQPT when ∆ = 0.5E r . It should be emphasized that the range of region: topo − I is highly dependent on the value of order parameter ∆, the increasing of the intensity of ∆ rapidly shrinks this region.
As have discussed the evolution of the single-particle Hamiltonian as a function of h z , here we can further more rigorously demonstrate the topological phase transition with the change of the chemical potential µ. We can sketch the phase diagram in the Fig. 3(a) , which shows perfect inversion symmetry (µ → −µ) in the µ − ∆ plane. For a small order parameter, the important feature is that there have four topological transition points along the change of the chemical potential.
Similar to the case in Fig. 2 , by tuning through the transition point, the quasi-particle excitation
gap closes and open again, thus we can discriminate five regions in accordance with the topological condition (11) with central area being topo − II. We can write down the scaling forms of the critical chemical potentials
which can be easily got from the gap closing condition (9) . It should be pointed out that the range of central region topo − II gets shrink by increasing ∆ and turn into trivial phase above a threshold:
By further increasing the intensity of the order parameter beyond ∆ = h z , the Fig. 3(c) ). There have three gaps between branches under the condition h z > J. When µ lies in the lowest gap, the system exhibits a single pair of Fermi points as desired. The increase of µ tunes the system from topo − I to topo − II then back to topo − I by crossing the critical points between gaps, as shown in Fig .3(b) .
Observation of Majorana fermions in a harmonic trap.
To confirm the topological phase transition and observe the appearance of zero-energy MF mode under some appropriate parameter condition, we take into account the trapping potential that is necessary to prevent the atoms from escaping. Within the LDA, the chemical potential can be thought of as a position dependent func-
, that continuously decreases away from the center of the trap. Therefore, the critical Zeeman field can be accordingly redefined as
Both the local pairing gap and chemical potential decrease away from the trap center. At a small field h z , h z < h c1 (x) for any position and the whole Fermi cloud is in the conventional superfluid. Meanwhile, the condition h z > h c2 (x) may be always satisfied at an even large Zeeman field. We can tune the system through an intermediate mixed phase in which topological trivial and non-trivial phase can co-exist. The mixed phases which appeare naturally in the parabolic trap potential, are illustrated in Fig. 4(a1,b1,c1 ). We first consider setting the central chemical potential µ(0) at a point above all Zeeman gaps that four transition points are all covered by the position-dependent chemical potential (shown in Fig. 4(a1) ). There are five districts along with continuously decrease of the chemical potential from the middle of the trap towards the flanks.
If we lower down the chemical potential, less transition points are covered and less topological phases can be distinguished (see Fig. 4(b1,c1) ). All we discussed just depend on the starting point of the chemical potential.
The number of the Majorana zero-energy modes is decided by the amount of spatial interfaces between the different phases discussed above. The MF is a half of an ordinary fermion and must always come in pairs. Each of the paired states, localized in real space, can be hardly pushed away from E = 0 by a local perturbation, giving rise to the intrinsic topological stability enjoyed by MFs. Here we use the numerical method and solve self-consistent BdG equation in real space to explore the MF physics beyond the LDA. In the presence of a trap V (x) = mω 2 x 2 /2, the BdG equation in real space can be written as H BdG (x)ϕ η (x) = E η ϕ η (x), where
T are the Nambu spinor wave functions corresponding to the quasi-particle excitation energy E η . The single particle Hamil-
The eigenfunctions satisfy the normalization condition
The order parameter ∆ j (x) and the chemical potential µ can be determined by the self-consistency equation
and the number equation N = dx j,σ n jσ (x) with
is the local density of σ fermions in j-th layer, f (x) = 1/(1 + e x/k B T ) is the quasi-particle FermiDirac distribution at the temperature T . Similar to the intrinsic symmetry built in the BdG Hamiltonian in momentum space, H BdG (x) is invariant under the particle-hole transformation:
To remove this redundancy, a factor of 1/2 has appeared in the above expressions. Due to E η = 0, we will immediately have Γ 0 = Γ † 0 , a zero-energy quasi-particle being its own antiparticle, exactly the defining feature of a MF. It is straightforward to show from the BdG Hamiltonian that the wave function of MFs should satisfy either
We self-consistently solve the gap equation and the number equation for different total number of particles. E r /ω = 50 is set to assure the trap oscillation frequency is much smaller than the recoil frequency. Commonly, we use a dimensionless interaction parameter, γ ≡ −mg 1D /n 0 , to characterize the interaction strength, where n 0 is the zero-temperature center density of an ideal
Fermi gas. The typical interaction strength is about γ = 3 ∼ 5 and we take γ = π ≃ 3.14 in our calculations. We have been taken 400 harmonic oscillators as the expansion functions and find that N = 400 is large enough to ensure the accuracy of the calculations.
By varying the Zeeman field h z while keeping the chemical potential fixed in the middle of the gap, this way has been proved to be a conventional tool in experiments. Alternatively, changing the number of particles while keeping the Zeeman field fixed will have the same effect. Fig.   4 (a2,b2,c2) show the mean-field results of energy spectrum with different total particle number.
The emergence of MFs can be clearly revealed by the behavior of the energy spectrum. At a large total particle number N atom = 200, eight Majorana zero-energy modes associated with the presence of phase transitions, appear in the middle of the gap (seen in Fig. 4(a2) ). The number of MFs changes as the total number of atoms varies. We could have six (Fig. 4(b2) ) or four (Fig. 4(c2) ) and even less MFs corresponding to what we have discussed in Fig. 4(b1,c1) . In 
Discussion
In this work, we investigate the topological properties of bilayer Fermi gases in the presence of SO coupling. Two diverse topological phases with S z (0) = 1, 2 are observed and connected by the TQRT, which have not been discovered previously. The topological structure of such system, whether it can be topological trivial or topological non-trivial, depend on not only the combined effect of SO coupling and the Zeeman field, but also the inter-layer tunneling, thus offering more tunability in experiments. We give the reliable results by solving the self-consistent BdG equation within a harmonic trap and predict that one can manipulate numerous Majorana zero energy modes associated with interfaces between diverse phases by reforming the phase geometric construction of the system. Our results also can be applicable to two dimensional topological superfluids. It would be interesting to examine the Chern number that denotes the topology of the matter, and can be used to further test the concept behind our studies. The bilayer Fermi gases with SO coupling described here offer an practically realizable platform for further experiments to investigate the topological superfluid and realize and manipulate MFs, providing new insights into quantum computation.
Methods
The self-consistent Bogoliubov-de Gennes formalism. We work in a complete basis of singleparticle wave functions in the harmonic trap ϕ n (x) with energy ǫ n = (n + 1/2)ω(n = 0, 1, 2, . . .),
here H n (x) is the Hermite polynomial , a h = 1/(mω) is the characteristic harmonic oscillator length. Note that spin-orbit coupling working at these basis becomes −α∂/∂xϕ n (
). Then we expand the normalized wave functions as u j,σ (x) = n A j,σ,n ϕ n (x), v j,σ (x) = n B j,σ,n ϕ n (x). according to the orthonormality relation dxϕ n (x)ϕ n ′ (x) = δ n,n ′ , we reduce the BdG equation to a matrix diagonalization problem,
where the matrix elements are
due to the normalization of the quasi-particle wavefunctions, the coefficients of the eigenstate must satisfy the condition n,j,σ (A 2 j,σ,n + B 2 j,σ,n ) = 1. The same procedure also reduces the order parameter to
and the local-density equations
The above equations must be solved together by means of an iterative procedure, which starts from trial functions (∆ j (x), µ) and converges to the self-consistent solution. All sums in the equations are limited by an energy cutoff E c = 4E R . This cutoff is required in order to cure the ultraviolet divergences. During the iteration, the order parameters ∆ j (x) are updated, and the chemical potential µ is also adjusted slightly to enforce the number-conversation condition. The self-consistent iterative procedure is over until final convergence is reached. (c)-(f) show the quasi-particle spectrum in momentum space at different Zeeman field h z . As the Zeeman field increases, the gap closes and opens when h z ∼ 0.5E r , and then re-closes at the point of h z ∼ 1.1E r . The system evolves from a conventional superfluid to a topo − I superfluid and finally to a topo − II state. Other parameters are the same as in (b). 
